Lecture 1
Matrices. Elementary Matrix Operations
Let us now introduce the concept of a matrix. 
Definition 1. The matrix is a (rectangular) table  of the elements of  R:
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This array will be called a rectangular matrix of order m by n, or, briefly, an m×n matrix. The quantities aij are called the components (matrix element) of the matrix.  The two subscripts identify the row and column, respectively.
Matrices are conventionally identified by bold uppercase letters such as A, B, etc. We shall use the short-hand component notation
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The matrix is called square matrix if the number of its rows is equal to the number of its columns,


[image: image3.wmf]÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

=

nn

n

n

n

n

nxn

a

a

a

a

a

a

a

a

a

A

...

...

...

...

...

...

...

2

1

2

22

21

1

12

11

.

For every square matrix we will define its main diagonal, or simply diagonal, as a diagonal from the top left corner to the bottom right corner, i.e. diagonal consists of the

elements 
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Square matrices for which ai j = aji are called symmetric about the main diagonal or simply symmetric.

Square matrices for which ai j = −aji are called antisymmetric or skew-symmetric. The diagonal entries of an antisymmetric matrix must be zero.
An upper triangular matrix is a square matrix in which all elements underneath the main diagonal vanish. A lower triangular matrix is a square matrix in which all entries above the main diagonal vanish,
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A diagonal matrix is a square matrix all of which entries are zero except for those on the main diagonal, which may be arbitrary,
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The identity matrix, written E, is a square matrix all of which entries are zero except those on the main diagonal, which are ones,
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The null matrix, written 0, is the matrix all of whose components are zero.
 Elementary Matrix Operations
So, we introduced an object. But now we should introduce operations, otherwise the object is not interesting! 
1. Scalar Multiplication. Multiplication of a matrix A by a scalar 
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 is defined by means of the relation
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That is, each entry of the matrix is multiplied by 
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. This operation is often called scaling of a matrix.

 Example, 
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2. Addition and Subtraction. The simplest operation acting on two matrices is addition. The sum of two matrices of the same

order, 
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, is written A + B and defined to be the matrix
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Matrix addition is commutative: A+B=B+A,
 and associative: A+(B+C) = (A + B) + C.  

Example, The sum of
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For matrix subtraction, replace + by − in the definition:

A – B = A+(-1)B
Example, The subtraction A and B is
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3. Multiplication. The definition of multiplication is much more complicated than the definition of the previous operations. 
Definition 2. Let A and B 
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matrix. Then their product is matrix C 
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So, we see, that in order to be able to multiply matrices, the number of columns of the first matrix should be equal to the number of rows of the second one.
Example, we must multiply matrices
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In that
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. Since k = 3, we use (1):
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Properties of addition and multiplication of matrices:

	1) A+B=B+A
	5) (A+B)C=AC+BC

	2) (A+B)+C=A+(B+C)
	6) 
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(AB)=(
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A)B=A(
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	3) 
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(A+B)= 
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A+
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B
	7) A(BC)=(AB)C

	4) A(B+C)=AB+AC
	

	
	


8) Unfortunately, commutativity does not hold for matrix multiplication.

Moreover, for some matrices A and B we can compute AB and cannot compute BA. E.g., if 
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not. Now, we can give a counterexample even if both products are defined, but  АВ
[image: image45.wmf]¹

BA.


Example, 

[image: image46.wmf]÷

÷

ø

ö

ç

ç

è

æ

=

÷

÷

ø

ö

ç

ç

è

æ

+

+

+

+

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

×

÷

÷

ø

ö

ç

ç

è

æ

-

=

×

4

26

2

8

4

0

20

6

2

0

10

2

1

5

0

2

4

3

2

1

B

A

.


[image: image47.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

-

=

÷

÷

ø

ö

ç

ç

è

æ

+

-

+

-

+

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

×

÷

÷

ø

ö

ç

ç

è

æ

-

=

×

14

2

4

2

4

10

3

5

0

4

0

2

4

3

2

1

1

5

0

2

A

B

.

So, we see, that АВ
[image: image48.wmf]¹

BA.
9) If А - square matrix, then  АЕ = ЕА = А.


4. Transposition. The transpose of a matrix A is another matrix denoted by 
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  that has n rows and m columns. 
Example,  
[image: image50.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

=

1

7

3

0

1

2

3

2

x

A

.   The rows of 
[image: image51.wmf]A

¢

 are the columns of A, and the rows of A are the columns of 
[image: image52.wmf]A

¢

.  
[image: image53.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

-

=

¢

1

0

7

1

3

2

2

3

x

A

. 
Obviously the transpose of 
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 is again A, that is, (
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)' .          The transpose of a square matrix is also a square matrix.
Determinants of the 2nd and 3rd-order. Minor. Algebraic complement (cofactor).
Let us now introduce the concept of a determinant. 
Let 
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Definition 3. Determinant of the second order we call the following number:
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Example,  Let 
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Let 
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 Determinant of the third  order we call the following number:
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We use the following scheme.
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 Example,
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To calculate the determinant of higher order, we must introduce the following. 

Minor.
Let 
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 Finding the minors of a matrix A is a multi-step process:

Choose an entry
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  from the matrix.

Cross out the entries that lie in the corresponding row i  and column j.

Rewrite the matrix without the marked entries.

Obtain the determinant  
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 of this new matrix.
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 is termed the minor for entry
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For example  the minor for entry 
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If 
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  is a square matrix 

 Cofactor (algebraic compliment)  of 
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If i + j is an even number, the cofactor Aij  of 
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 coincides with its minor: 
Aij = 
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Otherwise, it is equal to the additive inverse of its minor: 
Aij = -
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For example  the cofactor for entry 
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Мысалы, 
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Лаплас теоремасы. 
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properties

Some basic properties of determinants are:
Propertie 1. For an n x n matrix A:
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Propertie 2.  The constant multiplier of one row can be taken out outside the sign of the determinant
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Propertie 3.  Interchanging two rows of a matrix multiplies its determinant by −1:
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Propertie 4.  If two columns of a matrix are identical,  its determinant is 0:
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Propertie 5. Adding a scalar multiple of one row to another column does not change the value of the determinant:
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Propertie 6. If A is a triangular matrix, then its determinant equals the product of the diagonal entries:
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Мысалы мынадай төртінші ретті
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Енді осы қасиетті пайдаланып 
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 элементінің астында тұрған сандарды нолге айналдырамыз. Соңында 
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The inverse matrix
Let  a is the real number, non-zero. Exists for any a inverse number, denoted by a-1,  which satisfies the relation 
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Der. Matrix 
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For an inverse of a matrix to exist the matrix must satisfy two conditions:

1)  the matrix must be square;

2) the determinant of the matrix must be non-zero. Then the inverse matrix found by the formula 
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Мысал.  
[image: image123.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

-

=

4

2

1

1

3

2

3

2

1

A

 матрицасының кері матрицасын табу керек.

Шешуі. Алдымен анықтауышын есептейік.
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, яғни кері матрица бар. Енді элементтердің алгебралық толықтауыштарын есептейік.
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Табылған мәндерді формулаға қойып кері матрицаны табамыз.
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Кері матрицаның дұрыс табылғандығын  
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Elementary transformation The inverse matrix can be found by the method of elementary transformation. 
Elementary transformation:

1) matrix transposition;

2) changing of the row in places;

3) each element of an arbitrary row multiplied by the number of non-zero;

4) each element of an arbitrary row multiplied by the number of non-zero and  add with relevant elements another row;

5) crossing out zero row.

The method of elementary transformation. Let  
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 square matrix. 
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 obtained by appending the columns of given matrices and identity matrix.    Make elementary transformations for as long until we get the identity matrix in place given.

Мысалы, жоғарыдағы қарастырылған 
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 матрицаның кері матрицасын осы әдіспен тауып көрейік. Берілген матрицаның оң жағына бірлік матрица жазып, элементар түрлендірулер жүргіземіз.
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Соңында бірлік матрицаның орнында пайда болған матрица кері матрица болады: 
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Ерекше емес матрицалар үшін мынадай қасиеттер дұрыс болады:

1) 
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RANG
Let us now introduce the concept of a rang. Let 
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By deleting multiple rows and columns, we can get a square matrix order   k, where k
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min(m,n).  Determinant of  it  square matrix is called minor of order k.  The number of  minors of order is 
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Def.  The rank of a matrix is ​​called the highest order non-zero minors of this matrix:

r=r(A)= rangA .

The rank provides an estimate of the number of linearly independent rows of a full matrix

E. 
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 матрицаның рангісін есептейік.

Шешуі. Матрица өлшемі 3х4 болғандықтан, оның рангісі 3-тен артпайды, r(A)
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min(3,4). Егер үшінші ретті минорлардың ең болмағанда біреуі нолден өзгеше болса, онда матрица рангісі 3-ке тең болады. Үшінші ретті минорлар матрицаның бір тік жолын сызып тастағанда пайда болады:
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Үшінші ретті минорлардың бәрі нолге тең болғандықтан, ранг 3-ке тең бола алмайды. Енді екінші ретті минорлардың ішінен (олардың саны 
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C

) ең болмағанда бір нолге тең емес минор тапсақ, матрица рангісі 2-ге тең болады. Екінші ретті минорлар матрицаның бір жатық, екі тік жолын сызып тастағанда пайда болады. Айталық бірінші жатық жол мен бірінші және екінші тік жолдарды сызып тастағанда пайда болатын мына минор: 
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, сондықтан  r(A)=2. 


Матрица өлшемі артқан сайын оның рангісін барлық нолден өзге минорларды есептеу жолымен анықтау қиындайды. Матрица рангісін элементар түрлендірулер әдісімен табу ондай қиындықтардан құтқарады.

Теорема. Элементар түрлендірулер матрица рангісін өзгертпейді.

Дәлелдеуі. Матрицаға элементар түрлендірулер жүргізгенде оның анықтауышы не өзгермей сақталады, не нолге тең емес санға көбейтіледі. Яғни, оның реті өзгермейді деген сөз. Олай болса, нолден өзгеше минорлардың немесе матрица рангісінің реті де өзгермейді.

 Осы теореманы ескеріп, элементар түрлендірулер жасап, берілген матрицаны барлық диагоналдік элементтері нолден өзгеше  болатындай етіп сатылы түрге келтіреміз:
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п. Осы шарттың орындалуын матрицаны транстонерлеу арқылы қамтамасыз етуге болады.
Сонда матрицаның r–ретті нолден өзге миноры
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r(A)=r.

Мысал. 
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Шешуі. Элементар түрлендірулер көмегімен матрицаны сатылы түрге келтіреміз.
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 EMBED Equation.3  [image: image179.wmf]~

)

10

(

50

60

10

0

0

5

6

1

0

0

0

1

3

1

0

4

2

2

1

1

¿

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

-

-

-

-

-





[image: image180.wmf]~

0

0

0

0

0

5

6

1

0

0

0

1

3

1

0

4

2

2

1

1

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

-

-

-


[image: image181.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

-

-

-

5

6

1

0

0

0

1

3

1

0

4

2

2

1

1

.

Соңғы матрица сатылы түрге келді және онда нолге тең емес үшінші ретті минор бар екенін бірден көруге болады: 
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. Сонымен матрица рангісі 3-ке тең, r(A)=3.
� EMBED Equation.3  ���
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